Abstract. Thanks to significant improvements in high-resolution spectrographs and the launch of dedicated space missions MOST, CoRoT and Kepler, the number of subgiants and red-giant stars with detected oscillations has increased significantly over the last decade. The amount of detail that can now be resolved in the oscillation patterns does allow for in-depth investigations of the internal structures of these stars. One phenomenon that plays an important role in such studies are mixed modes. These are modes that carry information of the inner radiative region as well as from the convective outer part of the star allowing to probe different depths of the stars.
Introduction
Solar-like oscillations are oscillations stochastically excited in the outer convective layers of low-mass stars on the main-sequence (such as the Sun), subgiants and red-giant stars (e.g. Goldreich & Keeley 1977 , Goldreich & Kumar 1988 . Effectively, some of the convective energy is converted into energy of global oscillations. The main characteristics of these oscillations are that a) essentially all modes are excited albeit with different amplitudes; b) the stochastic driving and damping results in a finite mode lifetime.
In Fourier space the solar-like oscillation characteristics yield a regular pattern of oscillation frequencies with a roughly Gaussian envelope, where each frequency peak has a width inversely proportional to the mode lifetime. Hence, resolved individual frequency peaks can be fitted using a Lorentzian profile to determine height, width and frequency of the oscillation mode (see inset in Fig. 1 ). The regular pattern of the frequencies in the Fourier spectrum can be described asymptotically (Tassoul 1980 , Gough 1986 ):
where ν is frequency and ǫ is a phase term. ∆ν is the regular spacing in frequency of oscillations with the same angular degree ℓ and consecutive orders n (large frequency separation, horizontal dashed-dotted line in Fig. 1 ). δν n,ℓ is the so-called small frequency separation between pairs of odd or even modes. The large frequency separation, ∆ν, is proportional to the square root of the mean density of the star. Another characteristic of the Fourier spectrum is the frequency of maximum oscillation power, ν max , which depends on the surface gravity and effective temperature of the star. For a full overview of solar-like oscillations we refer to Aerts et al. (2010) , Chaplin & Miglio (2013) and Hekker (2013) .
Mixed modes

Cavities
The oscillations described above are pure acoustic pressure (p) modes. Non-radial pmodes reside in a cavity in the outer parts of the star bound at the bottom by the Lamb frequency (S ℓ ), where the horizontal phase speed of the wave equals the local sound speed. At the top the cavity is limited by the cut-off frequency ν ac ∝ g/ √ T eff (Brown et al. 1991) above which the atmosphere is not able to trap the modes and the oscillations become traveling waves, so called high-frequency or pseudo-modes (e.g., Karoff 2007) . When stars evolve the p-mode frequencies decrease, mostly due to the decrease in surface gravity (increase in radius) and hence decrease in cut-off frequency. At the same time oscillations that reside in the inner radiative region of the star have increasing frequencies with evolution. These so-called gravity (g) modes have buoyancy as their restoring force. These modes reside in a cavity defined by finite values of the BruntVäisälä or buoyancy frequency N . This is the frequency at which a vertically displaced parcel will oscillate within a statically stable environment. The peak of the Brunt-Väisälä frequency increases with evolution due to the increase in the core gravity. Oscillations can only be sustained when ν < S ℓ , N (g mode) or ν > S ℓ , N (p mode). A region where either of these conditions is not satisfied is an evanescent zone for the respective mode at a particular frequency. See 
Avoided crossings
In subgiants and red giants the frequencies in both p-and g-mode cavities have similar values and a coupling between these frequencies can persist if the evanescent zone is narrow, i.e., the oscillation is not damped out. In that case a p and g mode with similar frequencies and same spherical degree undergo a so-called avoided crossing. The interactions between the modes will affect (or bump) the frequencies. This bumping can be described as a resonance interaction of two oscillators (e.g. Aizenman et al. 1977 , Deheuvels & Michel 2010 , Benomar et al. 2013 .
In short the avoided crossings can be viewed using a system of two coupled oscillators y 1 (t) and y 2 (t) with a time dependence:
where α 1,2 is the coupling term between the two oscillators, and ω 1 , ω 2 are the eigenfrequencies of the uncoupled oscillators (α 1,2 = 0). In the case of uncoupled oscillators the eigenfrequencies can cross at ω 0 where ω 1 = ω 2 . If the coupling term α 1,2 is very small compared to the difference between the eigenfrequencies (α 1,2 ≪ |ω For a 1M ⊙ star, Fig. 3 shows the variation of frequencies with evolution. The general trend of the p-mode frequencies is to decrease with age, while g-mode frequencies increase with age (see section 2.1). Therefore at a particular age, a g mode and a p mode of the same angular degree and similar frequencies can exist, which would -instead of crossing each other to continue these opposite trends -interact to produce a pair of mixed modes with close frequencies, as explained above. This is visible in Fig. 3 as a series of bumps in the ℓ = 1 modes, where each bump is located at an avoided crossing. One of these mixed modes will have dominant features from the underlying p mode, while the other mixed mode will have dominant features from the underlying g mode. Fig. 4 shows a Fourier power density spectrum of a subgiant with a mixed-mode pair.
As evident from Fig. 3 an avoided crossing can occur at a specific frequency only at a specific age. Thus observations of mixed modes allows for a precise estimate of the age. However, the age determination is model dependent and the actual value of the stellar age might differ as a function of physical processes included in the model.
In more evolved stars the density of g modes around a given frequency can be high and multiple g modes can interact with different coupling terms with a single p mode to produce multiple mixed modes. Fig. 5 shows a Fourier power density spectrum of a red-giant star with multiple mixed dipole modes.
Period spacing
The high-order g modes in the inner radiative region have (in an asymptotic approximation) a typical spacing in period (∆Π, e.g. Tassoul 1980 ). Since the regular pattern of the frequencies is broken by the avoided crossings, the period spacing will also be affected. For red giants with multiple mixed modes per p-mode order, this results in smaller observed ∆Π for pressure-dominated mixed modes (lying close to the underlying p mode) and increasing values of ∆Π for mixed modes with more g-dominated character, i.e., with frequencies further away from the underlying p mode. The least coupled, i.e. most g-dominated, modes have a ∆Π close to the asymptotic value. However these modes are the hardest to detect due to their low heights in the Fourier power spectrum (Dupret et al. 2009 ).
Recent results
Subgiants
For subgiants a recent highlight is the detection of radial differential rotation (Deheuvels et al. 2012) . Due to the different sensitivities of mixed modes to different parts of the star (either the internal or the outer region of the star depending on their predominant g-or p-mode nature) it is possible to study stellar properties, such as rotation, as a function of radius. Deheuvels et al. (2012) were able to detect rotational splittings in 17 ℓ = 1 mixed modes in a subgiant, which have different pressure-gravity mode sensitivity. They concluded that the core rotates approximately five times faster than the surface.
Red giants
Gravity-dominated mixed modes in red-giant stars have recently been discovered observationally for ℓ = 1 modes by Beck et al. (2011) . From these mixed modes the period spacings can be derived. Bedding et al. (2011) and Mosser et al. (2011) showed that the observed period spacings of red giants in the hydrogen-shell-burning phase ascending the red-giant branch are significantly different from the period spacing for red giants also burning helium in the core. This provides a clear separation into these two groups of stars that are superficially very similar. This effect was explained by ChristensenDalsgaard (2011) as being due to convection in the central regions of the core in the helium-burning stars. The buoyancy frequency is nearly zero in the convective region. As the period spacing is inversely proportional to the integral over N , the period spacing of stars with convection in the core is higher compared to the period spacing of stars without a convective region in the core.
Similar to the subgiant mentioned in the previous subsection, the rotational splittings of dipole mixed modes with different p/g nature have been measured for a red-giant star (Beck et al. 2012) , which revealed that the core rotates approximately ten times faster than the surface. Subsequently, Mosser et al. (2012) showed that stars ascending the red-giant branch experience a small increase of the core rotation followed by a significant slow-down in the later stages of the red-giant branch resulting in slower rotating cores in red-clump (or horizontal-branch) stars compared to faster rotating cores in stars on the red-giant branch.
Future
With the long term datasets currently available from Kepler, mixed modes can be detected in many stars. This allows for further studies of the radial differential rotation (see Section 3 and Di Mauro et al., these proceedings). Furthermore, mixed modes will also allow for further studies of the internal structure of subgiants and red-giant stars, possibly including core overshoot, and the presence of secondary Helium flashes. The latter are present in stellar evolution models of low-mass stars which ignite Helium in a degenerate core, but it is still unclear whether this is a realistic representation. Therefore, it is evident that mixed modes have great diagnostic potential especially for subgiants and red-giant stars.
